Impurity motion in one dimensional ultra cold quantum liquids confined in an optical trap has attracted much interest recently. As a step towards its full understanding, we construct a generating functional from which we derive the position non equilibrium correlation function of a quantum Brownian particle with general Gaussian non-factorizing initial conditions. We investigate the slow dynamics of a particle confined in a harmonic potential after a position measurement; the rapid relaxation of a particle trapped in a harmonic potential after a quantum quench realized as a sudden change in the potential parameters; and the evolution of an impurity in contact with a one dimensional bosonic quantum gas. We argue that such an impurity-Luttinger liquid system, which has been recently realized experimentally, admits a simple modeling as quantum Brownian motion in a super Ohmic bath.
Impurity motion in one dimensional ultra cold quantum liquids confined in an optical trap has attracted much interest recently. As a step towards its full understanding, we construct a generating functional from which we derive the position non equilibrium correlation function of a quantum Brownian particle with general Gaussian non-factorizing initial conditions. We investigate the slow dynamics of a particle confined in a harmonic potential after a position measurement; the rapid relaxation of a particle trapped in a harmonic potential after a quantum quench realized as a sudden change in the potential parameters; and the evolution of an impurity in contact with a one dimensional bosonic quantum gas. We argue that such an impurity-Luttinger liquid system, which has been recently realized experimentally, admits a simple modeling as quantum Brownian motion in a super Ohmic bath.
I. INTRODUCTION
Quantum Brownian motion has been the starting point for the understanding of more complex dissipative quantum systems [1] . Applications to quantum tunnel junctions [2] , dissipative two-state systems [3] and reactionrate theory [4] are just a few among many. In its simplest form, as proposed in the founding papers [5] [6] [7] , the environment induced dissipation is modeled by an ensemble of quantum harmonic oscillators linearly coupled to the particle of interest. So far, in most studies of the dissipative dynamics of a harmonically confined [6, 8] or a free [9, 10] quantum particle, the quantity of interest has been the reduced density matrix that is obtained by tracing away the bath degrees of freedom in the density matrix of the coupled system. For generic initial conditions this quantity has been obtained with the help of functional integral methods [9, 11] . An alternative simpler, though in general only approximate, description of the reduced density matrix is given by a master equation. For factorizing initial conditions [12] and thermalized initial conditions [13] an exact master equation can be obtained. However, it is also known that there cannot be a master equation -in the form of a partial differential equation local in time -for arbitrary initial conditions [13] . The alternative quantum Langevin approach [14] extensively used in quantum optics [15] is not sufficiently powerful either, for quite the same reason: only a few special initial conditions can be successfully treated within this approach and the quantum noise statistics are not tractable in the generic case.
Non equilibrium correlation functions have been recently observed in cold atoms experiments on the dynamics of an impurity atom moving in a one dimensional (1D) quantum liquid [16] [17] [18] . Both the impurity and the quantum liquid are confined in an optical harmonic trap so that the impurity motion resembles the dynamics of a damped quantum harmonic oscillator. In [19] the authors attempted to describe the impurity dynamics within the Gross-Pitaevskii approach at zero temperature. In this paper we will follow an alternative way by applying quantum Brownian motion theory to the impurity problem. More specifically, we will generalize the path integral formalism in [9] to the language of generating functionals commonly used in quantum field theory. From the generating functional we will easily deduce the non-equilibrium correlation functions for generic nonfactorizing Gaussian initial conditions (for a stochastic description of open quantum systems via a generating functional, see [20] ) that cannot be obtained within the density matrix formalism. We will use this technique to treat three problems: the relaxation dynamics of a particle confined in a harmonic potential after a position measurement performed at the "initial time"; the relaxation dynamics of a particle after an abrupt change in the parameters of the confining potential; the motion of an impurity [18, [21] [22] [23] [24] in contact with a 1D quantum gas all confined in a harmonic potential. In the latter case, we will explicitly compare our theoretical findings to recent experimental results [16] on ultra cold quantum gases. We will argue that, although the impurity-Luttinger liquid system is described by the Fröhlich polaron Hamiltonian, many aspects of the impurity dynamics can be understood in the framework of quantum Brownian motion.
More precisely, the paper is organized as follows. In Sec. II we present the model and we review the main results obtained in [9] . In Sec. III we employ path integral methods to derive the generating functional of out of equilibrium correlations. Our results cover both factorized and non-factorized Gaussian initial conditions as well as the effects of an initial position measurement performed on the particle. In Sec. IV we study the equilibration processes after an initial position measurement and after a quench in the harmonic potential and we derive the equilibration times for low and high bath temperatures. In Sec. V we apply our formalism to impurity motion in a 1D quantum gas described by the Luttinger theory. To keep the discussion simple, we choose to use a simplified modeling of the experiment in which we neglect polaronic effects [25, 26] as well as the possible renormalization of the external potential [16] . These subtle effects will be analyzed elsewhere. The Luttinger liquid is found to behave as an exotic quantum bath of harmonic oscillators with a highly non Ohmic spectral density and non-linearly coupled to the particle. This is shown to lead to the curious behavior that the oscillator frequency can increase upon increasing the coupling constant between the "bath" and the impurity in strong contrast to the behavior of an Ohmic damped oscillator. We further calculate the non equilibrium equal time correlation function (the variance of the position) and we compare our theoretical results to experimental evidence. In the last section, Sec. VI, we conclude and we present further possible applications of our work.
II. THE MODEL
We study the evolution of a particle of mass M evolving in a (possibly time-dependent) potential V (q; t) whereq is the position operator. The Brownian motion stems from its interaction with a quantum heat bath which is usually modeled by an infinite set of harmonic oscillators linearly coupled to the position operatorq. The full system is then described by the HamiltonianĤ = H S +Ĥ B +Ĥ SB , witĥ
+ V (q; t) − H(t)q ,
H SB [{x n },q] = −q 
p is the momentum operator of the particle. The last term in Eq. (1) introduces a time-dependent source H(t), a c-number, that couples linearly to the particle's positionq.x n andp n are the position and momentum operators of the n-th harmonic oscillator, with mass and frequency m n and ω n , respectively. c n is the coupling strength between the particle and the n-th oscillator's position. The last term in Eq. (3) compensates for the bath-induced renormalization of the potential. Indeed, the sum of Eqs. (2) and (3) can be rewritten aŝ
which shows the absence of any drift force induced by the bath and ensures that V (q, t) corresponds to the physical potential right from the start. The model Hamiltonian Eqs. (2)-(3) has been widely used in the literature as a generic model for the dissipative dynamics of a quantum particle [1, 7, 9] . In the Heisenberg representation the time evolution of all possible observablesÂ is governed bŷ
withT the time-ordering operator. By introducing the density matrix of the initial stateρ 0 the N -time average of a set {Â i } of N operators, is
where we took the product of theÂ i s to be time ordered (with t N ≥ t N −1 ≥ . . . ≥ t 1 ) so that we can more easily make the connection between Eq. (6) and its path integral representation. We assumed that Trρ 0 is normalized to one. Note that for a generic initial matrixρ 0 this, as well as any other, correlation function is not necessarily stationary, i.e., it may depend on the N times explicitly.
In all cases the model has to be supplemented by information on the initial condition of the coupled system. These are incorporated in the initial density matrixρ 0 . Equilibrium dynamics can be studied by choosingρ 0 to be the Boltzmann weight, that iŝ
whereĤ is the full coupled Hamiltonian and the normalization constant has been ignored. This truly equilibrium density matrix has to be distinguished from ρ 0 = e −βĤS ⊗ e −βĤB , a case in which each component of the "universe" (the whole particle-bath system) is in equilibrium on its own at the same temperature. This subtle point is often overlooked in the literature.
Non equilibrium dynamics can be studied whenever the initial density matrix is not of the form in Eq. (7). The simplest choice is an initial product state for which the initial density matrix factorizes into two contributionŝ ρ S0 andρ B0 which solely depend on particle and bath variables, respectively:
Brownian motion [1, 27] as well as the dynamics of more complex macroscopic systems [28] [29] [30] [31] [32] [33] [34] [35] [36] with a factorized initial density matrix have been studied in a variety of physical situations. However, in many cases it is not appropriate to assume Eq. (8) since one has no command over the bath and it is impossible to "switch it on and off" at will. In addition, with recent developments in cold atom experiments, new classes of initial conditions become of relevance.
The first one covers all situations in which the particle is in equilibrium in a potential and either it is released or the potential is suddenly modified at t = 0. In this case Eq. (7) holds withĤ replaced byĤ 0 ( =Ĥ) describing the initial state.
The second class concerns all situations in which the position of the free particle is measured at t = 0. This procedure projects the initial density matrix onto the quantum states of the measurement outcome. We focus on the case where no quantum quench is performed in addition to the position measurement so thatĤ 0 =Ĥ. If the position is exactly determined at t = 0 the initial density matrix iŝ
withΠ(q) = |q q| (9) the projection operator onto the state |q . If, instead, we take the measured position of the particle to be Gaussian distributed around q m the projection operator takes the formΠ
where ∆ measures the uncertainty of the particle's position at t = 0. Once again we neglected the irrelevant normalization factor. A third important class of initial conditions are the factorized density operators, see Eq. (8) , in which the initial state of the system is a pure state. Since any state can be expanded in terms of displaced Gaussians (or coherent states) it suffices to consider initial states of the formρ
where
to cover the whole class of initially factorized pure states.
In this article we derive a generating functional that allows us to obtain the N -time correlators for these types of initial conditions. We are mainly interested in the evolution and averages of the particle's position observables for whichÂ = A[q] with some function A depending on the positionq of the particle. Note that due to the coupling of the bath to the particle's position the momentum dynamics follow from the Heisenberg equation M ∂ tq =p. Therefore, by focusing on the particle position operator we simultaneously describe the dynamics of the particle's momentum. While in [9] the authors derived an explicit expression for the equilibrium correlation functions the generating functional will allow us to go beyond the equilibrium case.
III. THE GENERATING FUNCTIONAL
In this section we derive the generating functional of all (non-equilibrium) correlation functions. This goes beyond the analysis in [9] where explicit expressions for equilibrium correlation functions were given. More precisely, we derive a functional of two time-dependent sources J [F, G] such that the two-time correlation is given by
and similarly for higher order correlations. We obtain the path integral formulation of the generating functional by making use of the coherent states of the bath variables |{ξ n,f } which are defined in App. A. The ensuing functional integration includes paths over particle and bath variables. Since we are not interested in the degrees of freedom of the bath, we average over all bath variables to find a "reduced action" that only depends on the particle variables. In the special cases discussed below (e.g., harmonic potential) the remaining path-integrals can also be performed and the functional J can be fully determined. In this section we sketch all steps in the derivation. Further technical details are reported in App. A. The reader who is not interested in these technical details can jump directly to Eq. (54) where its rather lengthy final expression is given.
A. The density matrix
In terms of the product states |q, {ξ n,f } between the particle and the bath eigenstates the matrix elements of the time evolution operator read
and of its Hermitian conjugate
T † is the anti-chronological time ordering operator. The elements of the time-dependent density matrix,ρ(t) ≡ Kρ 0 K * , are given by
where the matrix elements of the initial density matrix have been denoted by
n,i } (17) and we used the short-hand notation
The time-dependent density matrix in Eq. (16) still contains information about the degrees of freedom of the bath which we are not interested in. Therefore, we average (trace) over all the bath variables to find a reduced density matrix that depends only on the particle variables and the external sources.
We are interested in a system that is initially coupled to an equilibrium bath. Therefore,
where all initial Hamiltonians are labeled with a subscript 0 . At this point it is not necessary to makeĤ S0 explicit since this term involves only particle variables that are not affected by the trace over the bath variables. The matrix element of the initial density operator Eq. (17) in Eq. (16) can be represented by an imaginary time path integral
where the initial action S 0 is in general different from S reflecting the fact thatĤ 0 =Ĥ. The reduced density matrix can now be recast as
is the "influence functional" that depends only on the particle variables, as also do S S and S S 0 . The path integral runs over all paths with
which is the reason for the name "closed-time path integral". It is convenient to introduce the linear combinations
The calculation of F can be found in App. A 1 or in [9] ; the result reads
The kernels K(θ), γ(t) and k(t) are defined in Eqs. (A31), (A42) and (A43), respectively. K R denotes the real part of K. Note that Φ[x,x, q 0 ] depends on the fixed "end-points" t and βh of the closed-time path.
Expected values evaluated at different times are now expressed in terms of a path-integral over q 0 , x andx with an effective action Σ,
We introduced the initial mass M 0 of the particle and the initial potential V 0 that are in general different from the "bulk" mass M and potential V . This allows for quenches in these parameters. Note that the case in which the initial state is a pure state [e.g. Eq. (11)] can be easily recovered by setting M 0 = 0 and V 0 = 0 or, equivalently, by noting that the path q 0 shrinks identically to zero (since there is no initial Hamiltonian for this simple type of initial condition).
The superscripts in the path integral in Eq. (23) remind us of the constraint that the paths are subject to. One has
Note that due to the periodic boundary conditions of the tracex f = q + (t) − q − (t) = 0.
C. Generic Gaussian initial conditions
It is very easy to include the change of Φ[x,x, q 0 ] induced by the initial position measurement in Eq. (9) . By using the explicit Gaussian form of the projectorΠ(q m ) [see Eq. (10)] the dependence on the initial measurement can be simply incorporated in Σ[x,x, q 0 ] by an additional term of the form
In the limit of strong uncertainty ∆ → ∞ the effect of the initial measurement is blurred. In order to recover the case where the initial state of the system is pure and decouples from the environment [which corresponds to the factorized initial density matrix withρ S0 given by Eq. (11)] the action in Eq. (24) has to be supplemented by
with the notation
Since Eq. (26) is a special case of Eq. (27) corresponding to q m = q ′ m (or x m = q m andx m = 0) we will work with the latter in the following. The relevant cases can then be selected by taking simple limits.
In the following expressions we will write only the terms that depend on x i orx i since the ones depending on x m andx m contribute only to an overall constant.
D. The sources
The source term appears as dt (15) ]. For convenience, we distinguished the function existing on the positive running branch of the closed time contour, which we still call H(t), from the one existing on the negative running branch of the same contour, which we call H ′ (t). This implies that the potentials in Eq. (24) The generating functional, that is to say, the trace over the reduced density matrix in the presence of the external sources reads
where the path integral is subject to the constraints in Eqs. (25) . The overall normalization factor depends on t, β and all parameters in the model but not on the fields. We can now write
and
and all other correlation functions can be obtained in a similar way by noting that q + (t) = q f = x f and q + (t ′ ) = x(t) +x(t)/2. At this point it has become obvious why two sources are needed in order to obtain all non-equilibrium correlation functions.
E. The harmonic case
To go further we restrict ourselves to the study of a quantum Brownian particle in a harmonic potential for which
The choice of a quadratic potential renders the problem analytically solvable. The generating functional can be calculated by simply evaluating the action on its minimal action path (over the initial condition branch and the time-dependent branches) as Gaussian fluctuations yield only pre-factors that are independent of the sources and can be determined at the end of the calculation from the normalization of the density matrix. Note that, although both initial and bulk potentials are harmonic, they are not necessarily the same thus allowing for the study of quantum quenches.
F. Integration over the initial condition
We first treat the contribution of the initial condition path q 0 in Eq. (24) . The equation of motion for q 0 can be easily obtained from Eq. (24):
with the fixed end-points q 0 (0) = q + i and q 0 (βh) = q − i . As the q 0 path is part of the whole closed-time path it implicitly depends on the fixed end-time t as well. In [9] one can find a detailed analysis of this equation of motion which uses a Fourier expansion of the path q 0 (τ ) on the interval [0, βh]. By using the results found therein we obtain
We introduced the complex "force"
with the functions C 1 and C 2
The constants Λ and Ω are given by
where S(ω) is the spectral density of the bath. The twotime function R ′ reads
with
the real part of the kernel K. The time-dependent bath kernel γ(s) is given by [see Eq. (A42)]
The functions C 1 and C 2 as well as the kernel R(s, u) are not to be confused with the correlation functions and the linear response function that will be denoted by C and R, respectively.
G. Real time minimal action paths with external sources
The equations of motion for x(s) andx(s) read
The action Σ evaluated along the minimal action paths can be determined by inserting the solutions to Eqs. (43) and (44) into Eq. (34). However, the authors of [9] noted a simplification of the calculation which can be generalized to our case where the source G(s) is also present (in [9] no external source forx was used). The idea is the following. After a partial integration in the second line of Eq. (34) the action Σ takes the form
when evaluated along the minimal action paths determined by Eqs. (43) and (44), where we used the boundary conditionx f = 0. Here, border(x i , x f ,x i ) stands for all border terms in Eq. (34).
On the other hand, one can split the force Eq. (35) into its real and imaginary partsF (s) =F R (s) + iF I (s). Then, the minimal action path x(s) splits into x(s) = x R (s) + ix I (s), where x I (s) satisfies the boundary conditions x I (0) = x I (t) = 0. The trick is to show now that one can simply focus on the real part x R (s) of the minimal action path in order to obtain the complete stationary phase action. Indeed, if we evaluate the action Eq. (34) only along the minimal x R (s) andx(s) we obtain
where we used the fact that x R (s) satisfies the real part of Eq. (43) . We now want to show that Eqs. (46) and (45) are indeed equal. With the help of the imaginary part of Eq. (43) and the equation of motion (44) we can easily prove by integration by parts that
and by using this identity in Eq. (46) we recover Eq. (45). Therefore, the right-hand-side (rhs) of Eq. (45) and the rhs of Eq. (46) coincide. It is sufficient to evaluate the action Eq. (34) along the real component x R (s) that satisfies a much simpler equation than x(s).
In terms of the end points x i , x f andx i , the solutions to the real parts of Eqs. (43) and (44) read
where G + (t) is a propagator that in Laplace-transform readsG
From Eq. (47) we immediately find, by using the boundary conditions
Inserting the solutions to Eqs. (47) and (48), and Eq. (50) into Eq. (46) we find an effective action Σ[x i , x f ,x i ] that depends only on the end-points, x i , x f andx i , and the external sources F and G:
For the sake of a clear presentation we have not replaced x(s) andF R by their corresponding expressions in terms of the end-points yet.
H. Integration over the end-points
In order to find the final expression for J [F, G] we still have to integrate over the end-points x i , x f andx i . Since the exponent Σ[x i , x f ,x i ] is linear in x f the integration over this variable generates a δ-function of the form
up to a factor not depending on the end-points which, in combination with the integration overx i , enforces a substitution ofx i by
[the first and the third terms of the rhs of Eq. (48) cancel]. Moreover, after the integration overx i the fifth and the last terms of the rhs of Eq. (51) cancel, too. Finally, the Gaussian integral over
Here we introduced the kernel
where we used Eq. (A36). Equation (54) is the central result of the first part of this paper. It allows us to derive all non-equilibrium correlation functions in a systematic way. Direct applications of this method will be presented in Secs. IV and V.
I. The correlation function
The two-time correlation function Eq. (30) has two contributions,
The first term, the average of the anti-commutator or symmetrized contribution, is real and the second one, the average of the commutator or anti-symmetrized contribution, is imaginary and proportional to the linear response function, R(t, t ′ ), as shown by the Kubo formula. For generic Gaussian initial conditions, Eq. (10), one finds
To represent a pure initial condition that is initially decoupled from the bath, as in Eq. (11), we set
A non-factorized initial state with -say -an initial position measurement of "width" ǫ is obtained with x m = q m andx m = 0. In the classical case the non equilibrium correlator of a Brownian particle is given by Eq. (B3).
IV. NON EQUILIBRIUM DYNAMICS AFTER QUANTUM QUENCHES.
Quenches from a high temperature initial state have been extensively studied in the literature. They correspond to the case of a factorizing density matrix as in Eq. (8) . In this section we will study the non-equilibrium dynamics of a quantum Brownian particle after quenches from different initial states. As already mentioned in the Introduction, there are two experimental scenarios that are of interest to us. In the first one the initial position of a Brownian particle trapped by a harmonic potential is measured at t = 0. We will study this case in the first part of this section by focusing on the two-time correlation function. The second scenario consists in a quench of the trapping potential, which in the case of a harmonic potential corresponds to an abrupt change in the trapping frequency. Such a quench will be studied in the second part of this section. In both cases, we will derive the asymptotic equilibration behavior of the system in the presence of Ohmic dissipation.
A. A particle in a harmonic potential with an initial position measurement
The general results in Sec. III are here specialized to the case of a particle trapped in a harmonic potential, on which a position measurement is performed at t = 0. As we work with the same particle initially and subsequently, M 0 = M , while ω 0 = ω > 0. At t = 0 a measurement of the particle position is performed with outcome q m = 0 and uncertainty ∆. The initial density matrix is given by Eq. (9). Note that the particle is permanently coupled to the bath, hence the initial density matrix does not factorize. Thus, our starting point is the general expression Eq. (57) with M = M 0 , ω = ω 0 and x m =x m = 0. The Laplace transform of the correlator reads
an expression that can be simplified by using the method explained in App. C. Introducing the functionh k (λ) =g k (λ)/M + λ, Eq. (58) can be written as
with the equilibrium correlation functionC 1eq (λ) in the Laplace domain defined in Eq. (C12). In App. C it is shown thath k (λ) can be written in terms ofG
For ω = ω 0 we use the fact that u k =G + (|ν k |) and we find from the definition of the equilibrium correlator
which is derived in App. C [see Eq. (C12)], that the desired non equilibrium correlation function of a quantum Brownian particle with initial position measurement reads
The classical correlator for an initial position measurement with outcome q 0 = 0 and uncertainty ∆ can be obtained from Eq. (B8) by replacing q 0 2 by ∆ 2 . The initial momentum is not measured and it is therefore distributed according to the Boltzmann-law with v 2 0 = (βM ) −1 . In the limit of a sharp position measurement (∆ → 0) the classical correlator of an equilibrium particle readsC eq (λ, κ) − βM ω 2C1eq (λ)C 1eq (κ). As to the quantum correlator we note that Λ ′ = 0 for ∆ → 0 and the sum of the first and the third term in the rhs of Eq. (61) yieldsC eq (λ, κ) − M/(hΛ)C 1eq (λ)C 1eq (κ) which already has the form of its classical counterpart. It is easy to show that in the high temperature limit βh ≪ |ω 2 − γ 2 /4| the two expressions coincide exactly. The role of the second term in the rhs of Eq. (61) remains to be discussed: it describes the initial momentum due to Heisenberg's uncertainty relation. Consequently, it diverges when the initial position measurement becomes sharp unless one considers thath
In order for the second term of the rhs of Eq. (61) to be small compared to the other terms the condition ∆ ≫ λ T must hold, with λ T = βh 2 /(2πM ) the thermal de Brogliewavelength of the particle. Only then can one speak of a classical particle: the condition βh|ω 2 − γ 2 /4| 1/2 ≪ 1 that properly defines the "high temperature regime" is not sufficient. One also has to take the "macroscopic measurement limit" defined through ∆ ≫ λ T .
In the real time domain the quantum correlation function is
where C 1eq (t) is the real time equilibrium correlation function. This result applies to any kind of spectral density of the bath. We will use the correlation function Eq. (62) in Sec. V to study the non equilibrium dynamics of an impurity in a Luttinger liquid bath for which a specific spectral density of the bath applies.
We
we find that the propagator G + (t) exponentially approaches zero whereas the equilibrium correlation function C 1eq (t) relaxes with a power law ∼ t −2 for t → ∞. In the long-time limit the correlator Eq. (62) thus relaxes as fast as the squared equilibrium correlation function. Therefore, for
when t, t ′ ≫ γ −1 , and the equilibrium function C 1eq (|t − t ′ |) = C eq (t, t ′ ) is asymptotically approached during the algebraic relaxation of the non-equilibrium terms. Consequently, care has to be taken in experiments when an equilibrium system is desired at very low temperatures after an initial position measurement. The relaxation of the system is slow independently of the dissipation strength γ. At high temperatures βh ≪ |ω 2 − γ 2 /4| −1/2 the relaxation is of order O(e −γt ) [see the discussion in App. D] and therefore exponential as in the classical limit.
B. Quantum quench in the confining potential.
In this section we desire to gain insight into the equilibration process of a quantum Brownian particle after an abrupt change in the trapping frequency. At t < 0 the particle is confined in a harmonic potential with frequency ω 0 > 0. At t = 0 the experimentalist abruptly changes the strength of the harmonic potential resulting in a higher or lower trapping frequency. We do not consider an initial position measurement since we assume that the particle is already localized by the initial harmonic trap. Hence we set Λ = Λ ′ , Ω = Ω ′ , x m =x m = 0 and ǫ → ∞. By starting from Eq. (58) and by using Eq. (40) it is straightforward to show with the methods employed in App. C that the correlator in the Laplace domain reads
] is the propagator with initial frequency ω 0 , and
is the equilibrium correlation function of a particle in a harmonic potential with frequency ω 
Second, we observe that the Laplace transform of (
is the Laplace transform of the generic function f (t, t ′ ) with respect to both t and t
] with respect to t (t ′ ). Now, by choosing f (t, t ′ ) = C(t, t ′ ) we find for the correlation function Eq. (64) in the time domain
From Eq. (64) we easily find the expression of the Laplace transform of C(t, t ′ = 0) by multiplyingC(λ, κ) by κ and by taking the limit k → ∞:
Accordingly, Eq. (67) simplifies to
so that the terms of the rhs of Eq. (69) can be understood as the derivative of the non equilibrium part of C(t, t ′ ). In combination with the results of the discussion in App. D the equilibration behavior of the correlator at low temperatures after a quench in the trapping potential can be summarized as follows [by noting that the asymptotic long-time behavior of C ′ (t) and C 1eq (t) are identical]:
for t, t ′ ≫ γ −1 . Consequently, the non equilibrium contributions are exponentially suppressed which leads to a faster equilibration than the one found after an initial position measurement.
At high temperatures the relaxation of C ′ (t) and C 1eq (t) are both exponential of O(e −γt/2 ) so that in the high temperature regime C(t,
V. EVOLUTION OF AN IMPURITY IN A 1D BOSE GAS
Many 1D systems are described by the TomonagaLuttinger theory [37] [38] [39] . The evolution of impurities in such a Luttinger liquid (LL) has attracted much attention in recent years [17, 19] since this problem can be explicitly realized with cold atom systems. In particular, modern techniques allow one to tune the interspecies interaction strength [40] [41] [42] so that it has become possible to study the diffusion of a minority species within an ensemble of majority atoms, as a function of the interaction and the trapping potential [16] .
In this part of our work we apply the non equilibrium formalism developed in the first part of our article to such an impurity-LL system. In particular, we seek to mimic the experimental process described in [16] with our theoretical description. In this experiment the impurity atom is trapped in a 1D harmonic potential together with an ensemble of a different kind of atoms that form the LL. The impurity is initially localized at the center of the confining potential by a laser blade. When the whole impurity-LL system reaches equilibrium the impurity is released. The equal-times position correlation function of the impurity, C(t, t), then shows damped oscillations which strongly suggest that the impurity is de facto a quantum Brownian particle moving in a quantum liquid bath.
In the following we will present a precise description of the impurity motion in the LL from the quantum Brownian motion point of view. The LL itself will play the role of an exotic quantum bath that we here characterize.
A. The impurity model
The impurity and the atoms constituting the bath are all confined in a harmonic potential. We therefore take the Hamiltonian of the impurity,Ĥ S , to be of the standard form Eq. (1) without external force (H = 0) and with the harmonic potential V (q) = Mω 2 2q 2 . We assume that the interaction Hamiltonian between the position operatorq of the impurity and the density of the boson liquid is of the form
with the density operatorρ(x) of the LL approximately described byρ
where ρ 0 (x) is the unperturbed density of the fluid in the 1D trap andφ(x) is the density variation. The Hamiltonian of the free LL readŝ
whereΠ(x) andφ(x) are conjugate operator fields. Equation (73) describes the low-energy properties of a LiebLiniger gas [43] with a contact interaction potential hv L δ(x). The parameters u (with the dimension of a velocity) and K L (dimensionless) have to be determined numerically for general v L . In order to reduce the complexity of the problem we will assume the background density ρ 0 to be constant in the following. Accordingly, we define
where L is a length scale of the order of the length of the trap. Note that in this modeling we have not added the quadratic confining potential to the LL. Since the Bose gas is confined in a space of length L, the wave vectors are quantized with values k n = πn/L with n an integer. The Fourier representation of Eq. (71) isĤ
where we used
ikn(x−x ′ ) and we neglected a constant contribution. We assume that the potential U has the form
with some finite cutoff k c that depends on the microscopic properties of the interaction. The parameter v has the dimension of a velocity and it determines the strength of the impurity-bath interaction potential. After redefining the fields according tô
andΠ
one introduces the bosonic ladder operatorŝ
which describe bosonic density wave excitations with sound velocity u [44] . The full Hamiltonian now takes the form of the Fröhlich polaron Hamiltonian, which in the second quantization language readŝ
For each k mode the coupling between the operator e ikq and the bath operatorsb † k andb k is bilinear, so we can use the general results derived in Sec. III B by considering that e ikq represents a different operator for each k that is coupled to one harmonic oscillator. The resulting influence functional is hence a sum of one-particle-oneoscillator influence functionals. By using Eq. (A27) we thus find
.
Note that, since in the initial Hamiltonian there is no counter-term the counter-terms in Eq. (A27) are absent in Eq. (82). The k-dependent kernel reads
A well known feature of the Fröhlich polaron Hamiltonian (81) is its polaronic mass shift which leads to an effective impurity mass M * > M greater than the "bare mass" [1] . Another process described by this Hamiltonian is that during a collision between the impurity and an LL atom the former loses momentumhk by creating a density wave excitation b † k in the LL. However, the LL is itself confined in a harmonic potential and one may expect to have some momentum transfer absorbed (or provided) from the LL to the optical trap. We will here simply assume that the spring constant of the optical potential is renormalized by such a process in such a way that it balances the polaronic mass shift and we will henceforth work with the bare Hamiltonian (81).
If the oscillations are small (if the impurity potential is sufficiently steep) we can expand the e ikq in Eq. (82) to second order in k. Note that the linear order vanishes in Eq. (82) due to the symmetry k → −k. Ignoring the zero-th order in k we can make the replacements
B. Steep potential: The Luttinger bath and the initial condition.
If the external potential is steep we expect the Gaussian approximation of the Fröhlich Hamiltonian (84) to be valid. Up to this order in k each k-mode plays the role of one bath harmonic oscillator. Accordingly, for L → ∞ we define the spectral density as
with ω c = u|k c |/2 and
Hence, the bath induces super-Ohmic dissipation with a power law behavior S(ω) ∼ ω 3 for small ω. This is the main difference from the analysis presented in Sec. III.
In terms of the fundamental kernel [c.f. Eq. (A28)]
and with
, where γ(s) is defined in Eq. (A42), we obtain
The first line in Eq. (88) shows that only the non-local part of K(−iτ + iσ) contributes. Hence we can replace the first line by 
We remind the reader of the main approximations used so far. First, we used the Gaussian approximation (84) of the Fröhlich Hamiltonian. Second, in order for the action (89) to make sense we assumed ω to be large enough, so that non Gaussian effects are not too important. Note, that the mass and the potential renormalization can modify the oscillation amplitude and the final width of the impurity position. Finally, we interpreted the laser blade that initially localizes the impurity at the center of the quantum liquid as an initial position measurement with outcome q m = 0 and uncertainty ∆. The effect of the initial position measurement is incorporated into the action via the last term of the rhs of Eq. (89). If the localization is performed itself by a very steep trapping potential with frequency Ω 0 the particle is in its harmonic oscillator (with respect to Ω 0 ) ground state at initial time. We then have
This approximation is disputable since one could also consider the initial localization of the impurity as stemming from an initial trapping potential. The subsequent release of the impurity would then rather be described by a quench in the harmonic potential [see Sec. IV B]. However, in real experiments the "high temperature" regimē hβω ≪ 1 prevails. From the discussion in Secs. IV A and IV B we know that in this case the difference between the particle motion after an initial position measurement and the one after an initial localization due to an initial trapping potential (followed by a quench in the potential) is blurred. Since it is technically easier to deal with a position measurement we prefer this method to a quench in the trapping potential. Note that the "high temperature" regime is not equivalent to the classical regime, as we pointed out in Sec. IV A as it does not fulfill the "macroscopic measurement" condition ∆ ≫ λ T with λ T the thermal de Broglie-wavelength of the impurity. For more details go back to the discussion in Sec. IV A.
C. Signature of a Luttinger liquid bath
A typical experimental scenario consists in holding the impurity in the center of the trap at t < 0 and switching off the localizing potential at t = 0 to let the impurity move in the residual harmonic potential. Let us for a moment forget about the potential renormalization and the mass shift. By using the results found in Sec. IV A we find in the limit ǫ → 0 (which corresponds to an almost perfect localization of the impurity at t = 0)
In the time domain the correlation function reads
For the moment, experimental measurements focus on the equal-time correlation (which corresponds to the time-dependent variance of the position)
The formula Eq. (93) is valid for all kinds of baths and for very small polaronic effects and potential renormalization. In order to gain further insight into the dynamics of the impurity we need to understand the contribution of each of the three terms in Eq. (93).
We start from the analysis of the propagator G + (t). To determine its time-dependence we need the specific form of the spectral density of the LL bath (85). In terms of the function
the Laplace transform of the damping kernelγ(λ) [see Eqs. (A42)] can be recast as
and the propagator (which is proportional to the linear response function) reads
Our objective is to find the oscillation frequency and the damping of the impurity motion in the small coupling limit. Thus, we need the inverse Laplace transform of Eq. (96) which can be expressed in terms of the Bromwich integral,
where the real number c is greater than the real part of all poles ofG + (λ). The integral in Eq. (97) can be solved by displacing the complex contour towards the left and by evaluating the encountered residues. Hence, we seek for the complex points at which the denominator of Eq. (96) vanishes, that is
Note that z, σ, Γ and µ ′ are dimensionless and σ and Γ real. From Eq. (97) it is clear that Γ corresponds to the exponential damping (measured in units of ω c ) of the propagator and hence Γ has to be positive (whereas σ is the oscillating frequency measured in units of ω c and can be positive or negative). Thus, the first singularities encountered when displacing the contour towards the left are the imaginary axis for which g(z) is obviously singular when Re z = 0. In other words, we have to account for the difference g(iσ + 0 + ) − g(iσ − 0 + ) when displacing the integration contour past the imaginary axis. We will come back to this point in just a few lines. The integral in the second term of the rhs of Eq. (94) can be recast as
where we expanded the denominator of the integrand to first order in Γ/σ and we defined
where Shi and Chi are the hyperbolic sine and cosine integrals, respectively. The contribution from the crossing of the imaginary axis is now easily obtained:
we thus obtain for Re z < 0
where we neglected all real terms of O((Γ/σ) 2 ) and all imaginary terms of O(Γ/σ).
At the poles, the real and the imaginary part of the denominator z 2 +µ ′ g(z)+(ω/ω c ) 2 vanish simultaneously. By using the form of g(z) just derived we see that this can be achieved with the choices
Note the symmetry σ → −σ in Eq. (101). Equations (100) and (101) determine the oscillating behavior of G + (t): Γ corresponds to the damping and σ to the frequency of the oscillation (both quantities measured in units of ω c ). We assumed the damping Γ to be small compared to σ which by virtue of Eq. (100) translates into
The behavior of the oscillating frequency σ (measured in units of ω c ) strongly depends on the trapping frequency ω/ω c . Figure 1 shows the dependence of |σ| on µ ′ = µ/(M ω 2 c ) for the cases ω/ω c = 1.0 and ω/ω c = 3.0. Whenhβω ≪ 1 (as in [16] ) the properties of the oscillations of G + (t) coincide with the ones for C 1eq (t) [see App. B]. Then, by observing Eq. (93) one deduces that the actual oscillation frequency of C(t, t) and its damping are rather 2σ and 2Γ, respectively. As can be seen for moderate to high trapping frequencies there is an increase of the oscillator frequency followed by a decrease induced by the bath [see Fig. 1 ]. Such a behavior is not observed for small frequencies (compared to ω c ). The experimental results in [16] confirm such a "peak" although very few data-points are shown in this paper and the error bars are quite large so it is hard to draw firm conclusions on the actual experimental behavior at this stage. The "peak" in the curve of the oscillation frequency can be used in further experiments to determine whether the bath is actually described by a LL or not since it is a direct consequence of the non-Ohmic spectral density (85). In Fig. 2 we show the correlator Eq. the experimental data [16] . One clearly recognizes the increase of the oscillation frequency induced by an increase in the coupling µ ′ for ω/ω c = 3.0. The typical oscillation width in experiments is about 15µm with a frequency of σ ≃ 550s −1 . The final position width of a (high temperature) quantum Brownian particle is given by 1/(βM ω 2 ) [9] . With the mass M of the 41 K atoms used as an impurity and the bath temperature T ≈ 350nK in [16] this yields C(t, t) ≈ 15µm which is even quantitatively the right value.
VI. SUMMARY AND OUTLOOK
Motivated by recent experiments on impurity dynamics in quantum liquids we studied the non equilibrium dynamics of a quantum Brownian particle coupled to a quantum thermal bath of harmonic oscillators for generic Gaussian initial conditions. We derived a closed expression for the non equilibrium correlation function, which we showed to be easy to derive as variations of a generating functional Eq. (54). We used the analysis in [9] as a starting point to obtain this generating functional by employing path integral methods. We then showed that factorizing initial conditions (where the bath and the particle are initially uncoupled) are a special case of the non-factorizing initial conditions on which a position measurement has been performed. We demonstrated the correctness of our approach by deriving the equilibrium correlation function without imposing time-translational invariance (presented in App. C).
We applied this general formalism to the study of three physical situations. First, we studied the equilibration process of a trapped particle after an initial position measurement. In this case we considered Ohmic dissipation. While the classical (high temperature) correlator relaxes exponentially on a time scale γ −1 , the low temperature correlator C(t, t ′ ) in the strongly quantum regime shows an algebraic relaxation of the form 1/(tt ′ ) 2 which is independent of the dissipation strength γ. Therefore, the information that an initial measurement on the system has been performed persists for a very long time. We then showed that the equilibration process is different if, instead of a position measurement, a sudden quench in the trapping potential is performed at the initial time. We showed that in this case the relaxation is exponential in time even in the quantum regime with the slight difference that at very low temperatures the relaxation time is of order 2γ −1 rather than γ −1 for high temperatures. Accordingly, the relaxation due to quantum fluctuations is almost as effective as thermal relaxation in this case.
Third, we applied our approach to the motion of impurities in 1D ultra cold quantum gases confined in a very elongated harmonic trap. For low excitation energies the 1D gas is well described by the Luttingertheory which predicts a Gaussian theory. We modeled the impurity-gas interaction by a simple contact potential. The resulting Hamiltonian is also known as the Fröhlich polaron Hamiltonian which features a non-linear coupling of the polaron (here the impurity) to the bath (here the Luttinger liquid). It is well known that this Hamiltonian induces a mass shift on the impurity depending on the interaction strength. Although the mass shift is clearly observed, no significant change of the oscillation frequency is detected in [16] . Hence it is likely that the confining potential is renormalized as well in such a way that it counteracts the polaronic mass shift. We then proposed to use, as a first approximation to this problem, the Gaussian approximation of the polaron Hamiltonian (more subtle issues linked to polaron and harmonic trap renormalization together with a quantitative comparison between theory and experiment will be presented elsewhere). The spectral density of the resulting exotic "bath" turns out to be strongly super-Ohmic with the low frequency spectral density S(ω) ∼ ω 3 . With the help of the generating functional approach we were able to deduce the non equilibrium correlation function of the impurity position. Our formula correctly reproduces the oscillating behavior of the position variance (which is the equal time correlation function) as well as the initial momentum of the impurity due to its strong localization at the center of the quantum liquid which is a pure quantum effect. We showed that the typical impurity position width measured in [16] quantitatively matches the theoretical value for a quantum Brownian particle. This suggests that non equilibrium quantum Brownian motion theory can describe many aspects of such impurity dynamics. The super-Ohmic dissipation leads to a curious phenomenon: upon increasing the coupling between the impurity and "bath" the oscillation frequency increases before decreasing. This peculiar behavior is in strong contrast with that induced by Ohmic dissipation, for which the damped oscillator has a lower frequency than the free one and it can be used as a signature for Luttinger liquid baths.
To our knowledge our formalism is the only one that can fully access non equilibrium correlation functions in quantum Brownian motion in contrast to the density matrix approach in [9] that yields only one-time quantities. It proved effective for the description of impurity dynamics in Luttinger liquids. By using a quantum Langevin equation the authors of [16] have described the impurity motion with some success. However, the same authors pointed out that the Langevin approach failed to grasp all aspects of the experimental evidence. We are convinced that one can fit our theoretical results to experimental data as soon as more data become available in the future. The parameter ω c which depends on the actual impurity-quantum liquid coupling can then be experimentally determined within our framework. We hope to address this topic in a future study.
To conclude, our theoretical framework proved effective to deduce all kinds of non equilibrium correlation functions and we obtained promising results for its application to impurity motion in 1D systems. Further possible applications of our approach include various topics such as the study of decoherence problems, the impurity motion in other types of systems or non equilibrium quantum transport phenomena. The present work is expected to provide a further motivation for a thorough understanding of quantum Brownian motion.
Appendix A: Coherent state path integral formulation
In this Appendix we detail the derivation of a pathintegral representation of the generating functional of the multi-time correlation functions of a quantum particle in contact with a generic quantum bath made of an ensemble of harmonic oscillators.
The terms in the Hamiltonian of the dissipative quantum Brownian particle that depend on the bath variables, Eqs. (2) and (3), can be rewritten in terms of creation and annihilation operators of the bath oscillators in view of a later use of coherent states. One defines the creator and the annihilator of the n-th oscillator mode bŷ
The operatorsâ n andâ (2) and (3) read in terms of theâ
Here we introduced the notation g n ≡ hc 2 n /2m n ω n . We introduce the coherent states of the harmonic oscillators, which are particularly suitable when dealing with the bosonic ladder operators in Eq. (A1),
where ξ is a complex number and ξ * its complex conjugate.â + andâ stand for the creation and annihilation operator of each harmonic oscillator. The coherent states are eigenstates of the annihilation operator, that iŝ
with the properties
where 1 ′ denotes the unity matrix of one oscillator. Hence, the unity matrix of the whole particle-bath system 1 can be written in terms of the product states |q, {ξ n } as
The trace of any observableB that depends on the particle and the bath operators can be expressed as TrB = dq n dξ * n dξ n e −ξ * n ξn q, {ξ n }|B|q, {ξ n } .
(A9)
The generating functional can now be obtained by supplementing the potential V (q; s) in Eq. (1) by a linear term −H(s)q where H(s) is a c-number function that plays the role of an external source. To be more explicit, we introduce two distinct sources H(s) and H ′ (s) in the potential V for the time evolution operator
and its Hermitian conjugate
respectively.T † is the anti-chronological time ordering operator. In the following we will use the shorthand notation dξ i = ∞ n=1 e −ξ * n,i ξn,i dξ * n,i dξ n,i . All correlation functions of the positionq can be obtained by taking the corresponding variations of the trace of the time-dependent density matrixρ(t) ≡Kρ 0K * , Eq. (16), with respect to H(s) and H ′ (s). The matrix elements of ρ(t) ≡Kρ 0K * are given by
The path integral representation of K and K * are found by using standard methods:
where we make clear by the superscripts + and − which path belongs to K and which to K * , respectively. The real time interval [0, t] has been discretized into T ∈ N steps of length ∆t with t = ∆tT . The functional integration measures are defined as Dq = T −1 j=1 dq j with q j ≡ q(jt/T ). The terms contributing to the total action, S[q,
Eqs. (A14) and (A15), read in discretized form
The reduced density matrix depends only on the particle variables and the external sources,
In Eqs. (A14) and (A15) we omitted normalization factors that do not depend on the bath nor on the particle variables. Note that the integral runs only over bath and particle variables with an index between 1 and T −1 since q 0 = q i , q T = q f (and analogously for the bath variables) are fixed for K and q 0 = q ′ f , q T = q ′ i (and analogously for the bath variables) are fixed for K * .
The path integral description ofρ 0 is obtained by dividing the imaginary time interval [0, βh] into T time steps. Consequently, by usingρ = e −βĤ0 we find
We introduced the imaginary time path step ∆t ′ = βh/T .
Integration over the bath variables
The influence functional in discretized form reads
which depends on the correlation matrix
Note that in this notation there are 3T time steps in Eq. (A21) and q j = q + j for j ≤ T , q j = q 0 j for T < j ≤ 2T and q j = q − j for j > 2T is understood with an analogous notation for the ξ n,j .
The part of the action that depends only on the particle variables S S can be found by combining the relevant contributions in Eqs. (A14), (A15) and (A19),
Note that the exponential factors that stem from the bath integration measure Eq. (18) exactly combine with the sums in the actions (A16) and (A20). The elements K(j, j ′ ) of the matrix K are easily found:
The Gaussian integral in Eq. (A21) is now readily done. Explicit expressions of Eq. (A24) in the continuum limit T → ∞ are easily obtained: for instance, when j, j ′ < T , K(j, j ′ ) couples to two q + fields and is given by
Note that under the sum over j and j ′ only its symmetrized version occurs. By reintroducing the fields q + , q − and q 0 we find [9] 
where the exponent reads
The kernel K reads for complex times
and the constant µ is given by
Note that for a fermionic bath the only difference lies in the boundary conditions enforced by the trace operation: for fermions anti-periodic boundary conditions apply in contrast to periodic boundary conditions for bosons. This difference is incorporated by replacing −k 1 by k 1 in Eq. (A22). The analysis for bosons can then be repeated, leading to a fermionic bath kernel where the cosh and the sinh in Eq. (A28) interchange their positions. The environment can be regarded as a proper heat bath only if the spectrum of the harmonic oscillators becomes quasi-continuous. Accordingly, we introduce the spectral density of the bath through
Then the kernel K(θ) and the constant µ are rewritten in terms of the spectral density
The real and the imaginary parts of the kernel K(θ) = K R (θ) + iK I (θ) are found to be
The imaginary time argument τ varies in the interval [0, βh] so that it is convenient to introduce the Fourier series of K(s − iτ ) with respect to τ . Introducing the Matsubara frequencies
we find
where the functions g k and f k are defined through
In the following we will express most quantities in terms of the functions g k and f k . For real times the real and the imaginary parts of the kernel (A31) read [see Eqs. (A36) and (A37)]
We now eliminate the local terms in Eq. (A27). We define the two new kernels
where ζ k is defined by
The latter kernel is related to K R (−iτ ) via
with a generic function f . In terms of the kernels γ(s), k(τ ), K * (s − iτ ), K R (s − u) and the linear combinations
the exponent of the influence functional reads
Details of the derivation of Eq. (A47) can be found in the thorough analysis in [9] .
Appendix B: Classical Brownian particle in a harmonic potential: Initial position measurement and quenches in the trapping potential
This part is meant to be a reminder on classical stochastic motion induced by generic baths. None of the results presented herein are new but they are useful to be confronted with the quantum results discussed in the body of the paper.
The classical Brownian motion of a particle confined in a harmonic potential can be described by the Langevin equation
where ξ is a zero mean Gaussian noise [45] with correlation ξ(t)ξ(s) =
1
Mβ γ(|t − s|) and with γ(t) given in Eq. (42) [1] . In the Laplace transform formulation, the solution to Eq. (B1) reads
where we usedG + defined in Eq. (49) and we introduced the initial conditions q(0) = q 0 andq(0) = v 0 . The correlation function is now easily computed and it reads
where we used the fact that the Laplace transform of γ(|t − s|) with respect to t and s is given by [γ(λ) + γ(κ)]/(λ+κ). The initial values q 0 and v 0 can be sharp or drawn from a probability distribution which is typically of the Maxwell-Boltzmann type, that is
where ω 0 is the frequency of the initial trapping potential and M 0 is the initial mass. From Eq. (B4) we easily derive
As long as ω 0 = ω and M = M 0 the correlation function can be rewritten as
which is the equilibrium correlation function. The non equilibrium correlation can be recast in the form
In many cases q 0 and v 0 are uncorrelated random variables. Then Eq. (B7) transforms intõ
Appendix C: The equilibrium initial condition
In this Appendix we use Eq. (54) in the particular case of an equilibrium initial condition and a subsequent evolution still in equilibrium. We show how to derive the equilibrium correlation function and we prove that the fluctuation-dissipation theorem (FDT) is satisfied without imposing time-translational invariance (TTI) as has been done before in the literature [9] .
The fluctuation-dissipation theorem
The linear response is easily found by noting that the external source F (s) represents a physical drift force. Therefore 
for F = 0 one finds the response function R(t) with respect to the external force F (t). We set ǫ → ∞ which corresponds to the absence of any initial measurement. By using Eq. (54) we obtain
in the time and Laplace transform domains, respectively. These expressions are independent of the initial condition. Therefore, the response function is the same in and out of equilibrium. Moreover, it is equal to the response function of a classical Brownian particle [46] if it is coupled to a bath with the same friction kernel γ. We will confirm the validity of the FDT when the system is in equilibrium. We choose the initial Hamiltonian to be equal to the "bulk" one, that is ω = ω 0 and M = M 0 ,
so that the initial density matrix is equal to the Boltzmann weight exp(−βH) with the terms contributing to H given in Eqs. (1), (2) and (3) . The initial state is not perturbed by any measurement, so we take ǫ → ∞ which implies Λ ′ = Λ and Ω ′ = Ω. From Eq. (57) we find the equilibrium correlation function C eq (t, t ′ ) which in the Laplace transform version reads
This expression can be greatly simplified. We first note that from the definitions of g k and f k in Eqs. (A38) and (A39) it follows thaṫ
where we used f k (0) = 0. The Laplace transform of the kernel
[see Eq. (55) and (40) for Λ = Λ ′ ] can now be written as
and by definingh k (λ) =g k (λ)/M + λ we find that the expression in the curly brackets in the rhs of Eq. (C4) can be recast as
where we used Eqs. (36) and (37) . By combining the expression for the Laplace transform of the cosine 
By using instead Eqs. (A42) and (A44) we derive
The kernelγ can be eliminated in favor ofG + through Eq. (49) which yields
This expression can now be inserted via Eq. (C8) into Eq. (C4) to find the equilibrium correlator. Note that, for ω 0 = ω we haveG + (|ν k |) = u k . With the help of the one variable functioñ
the equilibrium correlation function becomes
which clearly displays time translational invariance (TTI). Indeed, the Laplace transform with respect to t and t ′ of a generic function f (|t − t ′ |) that depends only on the time difference is equal to [f (λ) +f (κ)]/(λ + κ), wheref (λ) denotes the Laplace transform of f (t) with respect to t. Hence, we have C eq (t, t ′ ) = C 1eq (|t−t ′ |) with the explicit Laplace representation of C 1eq in Eq. (C12).
The equilibrium correlation function is thus found without imposing TTI. By imposing TTI Eq. (C12) can be directly found from Eq. (57) by setting t ′ = 0 which simplifies the expression considerably. Remember thaṫ G + (t = 0) = 1 and G + (t = 0) = 0. By taking the Laplace transform of the result with respect to t and by using Eq. (C9) one easily recovers Eq. (C12).
It is now straightforward to establish the relation between C 1eq (t) and R(t). Firstly, we note that since C 1eq (t) is an even function of t its Fourier transform C 1eq (ω) is related to its Laplace transform through
Thus, by using Eqs. (C2) and (C12) we have
Now, since the Fourier transform of the response function, R(ω), is related to its Laplace transform via R(ω) = R(iω) due to causality we obtain the quantum FDT in the form
where we used the formula k ω/(ω 2 + ν Appendix D: Asymptotic behavior of G+(t) and C 1eq (t) for Ohmic dissipation
In the case of Ohmic dissipation the spectral function has the form S(ω) = γω for ω → 0 .
For large frequencies one typically introduces a high frequency cutoff function (since the ultraviolet divergence is unphysical) that we choose to be of the Drude-type ω 
We are interested in the equilibration behavior of the correlation function Eq. (62) when quantum effects dominate. In order to find the long-time behavior ofC 1eq (t) and G + (t) we study their small-λ behavior. In the very low temperature limit the sum over the Matsubara frequencies in Eq. (C12) can be replaced by an integral. For 
It is straightforward to show by direct inversion of the Laplace transform that the propagator G + (t) is exponentially suppressed for large times (and for Ohmic dissipation) on a typical time scale γ/2, hence we have
Equation (D6) holds for all temperatures. In the high temperature regime one has ν k → ∞ so that C 1eq (λ) ≃ − G + (λ) − 1/ω 2 /(βM λ). Translated into real time this states that G + (t) is proportional to the derivative of C 1eq (t) which is nothing else than the classical FDT. Accordingly, we find C 1eq ∼ e −γt/2 for t → ∞ and βh ≪ |ω 2 − γ 2 /4| −1/2 .
